ADDENDUM XZ

MATLAB AND SIMULINK FACILITIES

(LAsT UPDATED 2025-02-05)

Addendum X2 contains the description and usage of a number of MATLAB and Simulink
facilities, which are employed in various chapters of the book. These facilities are organized
according to the chapter in which they are first used., and include the following: (1) The
name, purpose, and call format of the corresponding function. (2) Examples of its usage.

Chapter 6: Solve differential equations Chapter 12: Define process models
MATLAB-6A: Linear dsolve MATLAB-12A: Define transfer functions
MATLAB-6B: nonlinear ode45 tf(¢s’); tf([num],[den])
MATLAB-6C: linearization  jacobian zpk([zeros],[poles],gain)
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(ZJ P, k)=SSZZpk(A, B,C,D, 1)
Chapter 10:_Solve algebraic equations MATLAB-12C: From I/O to state space models
MATLAB-10A: fsolve (A,B,C,D)=tf2ss(Q,P)

Chapter 11: Unconstrained minimization MATLAB-12D: Compute poles and zeros
MATLAB-11A: fminsearch roots(..); zero(sys); pole(sys)
MATLAB-12E: Simulink block diagrams

MATLAB-12F: Simulink block diagrams
Chapter 29: Discrete systems

MATLAB-29A: From continuous to discrete MATLAB-29B: Define discrete TF
C2d(sys_c,Ts,method) tf(‘z’); tf([num],[den],Ts)
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MATLAB-29C: Step and impulse responses MATLAB-29D: Simulink with discrete systems
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MATLAB-6 (Chapter 6)

MATLAB-6A: Function dsolve

The MATLAB function dsolve can be used to solve linear differential equations and gen-
erate symbolic expressions of the solutions. Its syntax is:

[x1(t), x2(t), .., xXN(t)]
= dsolve(odes, initial conditions)

where,

[x1(t), x2(t), .., xN(t)], are symbolic expressions of the solution variables,
odes, is the vector of linear differential equations, in symbolic form, and
initial conditions, is the set of initial conditions.

For more details see:

https://www.mathworks.com/help/symbolic/dsolve.html

Example: One Linear ODE

%:ax+bu (6A.1)

A. Generic initial conditions and zero inputs

To define the derivatives of an ODE, use the following syntax”,
dx/dt =>diff (x,t),or diff (x)
d’x/dt? = diff(x,t,2)

% Declare as symbolic expressions
syms a x(t) x0 t x_sol

% Define differential equation
odes = diff(x) == a*x;

% Define initial condition
C = x(0) == x0;

% Generate symbolic solution
x_sol(t)= dsolve(odes,C)

Answer: x_sol(t)= x@*exp(a*t)

If you set C=x(0)==10, then dsolve will return
x_sol(t) = 10*exp(a*t)
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B. Generic initial conditions, non-zero inputs

% Declare as symbolic expressions
syms a b x(t) To u(t) w x0 t x_sol
u(t)=sin(w*t);

% Define differential equation
odes=diff(x)==a*x+b*u(t);

% Define initial condition
C=x(0)==x0;

% Generate symbolic solution
x_sol(t)= dsolve(odes,C)

Answer

x_sol(t) =
exp(a*t)*(x0+(b*w)/(a”2+w"2))
-(b*(a*sin(t*w)+w*cos(t*w)))/(a”2+w"2)

Plot solution

You can use the function fplot in order to plot the symbolic expression of the solution

versus time, t. However, all independent variables (inputs) and parameters must be fully

specified, before you can use fplot. For example, in the last illustration, specify a=-5,
b=3, x0=10, and w=0.1. Then, use the function fplot.

Convert symbolic expression to numerical values

The solution generated by dsolve is a symbolic expression. To carry out numerical com-

putations with the solution, it must first be converted to the corresponding numerical

values. The MATLAB function subs (symbolic_expression) will do the conversion. For

double precision conversion use the function, double(symbolic_expression).

% Declare as symbolic expressions
syms T(t)

% Assign values to parameters and inputs
a=-5; b=3; T in=1;

% Define differential equation
odes=diff(T)==a*T+b*T_in;

% Define initial condition
C=T(0)==10;

% Generate symbolic solution
T _sol(t)=dsolve(odes,C);

% Length of time period
P=10;

% Plot solution using the symbolic form
fplot(T_sol, [ © P]);

% Convert symbolic solution to numerical

% Number of time points in period P
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4 CHEMICAL AND BIOLOGICAL PROCESS DYNAMICS AND CONTROL

N=100;
time=linspace(0,P,N);

% Convert symbolic to numerical values
T_sol num=subs(T_sol,{t},{time});

% Plot solution using numerical values
Plot(time,T_sol num);

Example: Two linear ODEs

A. Inherent dynamics: zero inputs
Consider the following two linear ordinary differential equations:

—=2x;+3x
dt 1 2
dx,

—==2x; +X
dt 1 2

% Declare symbolic variables
syms x1(t) x2(t) t
syms x1 sol(t) x2_sol(t)

% Define matrix A
A= [2 3;2 1];

% Define the state variable vector
X= [x1; x2];

% Set the initial conditions
C=X(0)==[1;2];

% Define differential equations
odes=diff(X)==A*X;

% Solve equations
[x1_ sol(t), x2 _sol(t)]= dsolve(odes,C);

% The solution is given as:
x1_sol(t)=(9*exp(4*t))/5-(4*exp(-t))/5
x2_sol(t)=(4*exp(-t))/5+(6*exp(4*t))/5

B. Forced dynamics: non-zero inputs
Consider the above two linear ordinary differential equations with two inputs:

dxy

—==2Xx1+3x, +Uu
dt 1 20 M
dx,
—==2X1+X,+U
dt 12 m 2

% Declare symbolic variables
syms x1(t) x2(t) ul(t) u2(t) t
syms x1_sol(t) x2_sol(t)
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% Define matrix A
A= [2 3;2 1];
% Define matrix B
B= [1 0;0 1];
% Define the state variable vector

X= [x1; x2];
% Define the input vector
U= [ul; u2];

% Set the initial conditions
C=X(0)==[1;2];

% Define differential equations
odes=diff(X)==A*X+B*U;

% Solve equations
[x1_sol(t),x2 sol(t)]=dsolve(odes,C);

% Simplify Expression of Solution
x1_sol(t)=simplify(x1_sol(t))
x2_sol(t)=simplify(x2_sol(t))

Answer

x1_sol(t)=(3*exp(4*t)*(int((2*exp(4*x)*(ul(x)+u2(x)))/5)+6/5))/2-

exp(-t)*(int((exp(x)*(2*ul(x) -3*u2(x)))/5) + 4/5)

x2_sol(t) = exp(4*t)*(int((2*exp(-4*x)*(ul(x) + u2(x)))/5) +
6/5)+exp(-t)*(int(-(exp(x) *(2*ul(x)-3*u2(x)))/5) + 4/5)

MATLAB-6B: Function ode45

Throughout this book, ode45 is the MATLAB function of choice for solving sets of ordi-
nary differential equations. ode45 solves systems of differential equations using the 4th-
order and 5t-order Runge-Kutta algorithms. It has an excellent balance between accuracy
and computational cost. It uses the fourth-and fifth-order Runge-Kutta methods, and as
long the results from the 4th-order and 5t-order Runge-Kutta algorithms differ less than
a prespecified error bound, it keeps the same integration step At . When the difference of
the results from the two methods exceeds the pre-specified bound, then the integration
step At is reduced to handle sharp changes in the state variables.

More details can be found in:

https: //www.mathworks.com/help/MATLAB/ref/ode45.html

Using ode45:

Consider the following set of two nonlinear ODEs:
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dxl “y

ar 2

de 2
—==—(x7-Dxr—x1+U
dt ( 1 ) 2 1 1

Create the MATLAB function that describes the right-hand sides of the above ODEs:

function dx = dynamic_balances(t,x)
% Define dx as a column vector
dx=zeros(2,1); % Initialize
u=1;
dx(1)=x(2);
dx(2)=-(x(1)"2-1)*x(2)-x(1)+u;
end

Call the above function from the following script and plot the solution.

fun=@dynamic_balances;

% Initial conditions
x0=[1 1];

% Time period of integration
tspan=[0 100];

% Solve the differential equations
[t,x_sol]=ode45(fun,tspan,x0);

% Plot dynamics of two states versus time
figure;
plot(t,x sol(:,1),’r’); % State x1
hold on;
plot(t,x _sol(:,2),’b’); % State x2

Starting from the initial conditions, provided by vector x0=[1 1], ode45 uses the 4th-order
and 5th-order Runge-Kutta algorithms to integrate the two differential equations.
Calling ode45

There are two ways of calling the function ode45:

Fun = @dynamic_balances;
y = ode45(fun,tspan,x9);
y = oded45(@(t,x) dynamic_balances(t,Xx,

parameters),tspan, x0);

The second way is very convenient for passing additional parameters, which may be nec-
essary in computing the output of the function dynamic_balances.
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MATLAB-6C: The MATLAB Function jacobian

The function jacobian(f,v) generates analytic expressions for the elements of a Jaco-
bian matrix of a set of nonlinear algebraic equations.
The function call is:

jacobian(f,v);

f=[f1,f2,..,fn] isthe vector of the functions f; to be differentiated; and
v=[Vv1,V2,..,vn] isthe vector of the variables with respect to which we differentiate the
fi functions.

For example, consider the following set of nonlinear functions:
f1:x+xy+xyz—y3
b =—x? +Iny+exp(-z)+y
Use the following MATLAB code to generate the Jacobian matrix:

% Declare as symbolic variables
syms X y z
syms f1 f2

% Define nonlinear functions to be differentiated: 1 f2
fl=x+x*y+x*y*z-y~3;
f2=-x"2+log(y)+exp(-z)+y;

% Vector of nonlinear functions
f=[f1,f2];

% Vector of variables with respect to
% which we differentiate the above functions

v=[xy z];

% Construct Jacobian matrix A
A=jacobian(f,v);

% Display the Jacobian
disp(A);

MATLAB generates the following 2x3 matrix in symbolic form:
[y+y*z+1, -3*y"2+x+x*z, x*y]

[ -2*x, 1/y +1, -exp(-z)]
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MATLAB-7 (chapter 7)

MATLAB-7A: Functions for Structural Models

Use the following function to construct the incidence matrix of a set of equations:

A = incidenceMatrix(eqs,vars)

where, eqs is the vector of equations in symbolic form, and vars is the vector variables
contained in the equations.

% ILLUSTRATION

% Create the vector of variables

syms x1(t) x2(t) x3(t) ul(t) u2(t) u3(t) t
vars=[x1(t),x2(t),x3(t),ul(t),u2(t),u3(t)];
% Create vector of equations in symbolic form
eql=x1(t)*x2(t)+ul(t);
eqg2=x2(t)+x3(t)+u2(t);
eq3=x3(t)*ul(t)+u3(t);
eqd=x2(t)+x3(t)+ul(t)*u3(t);
eq5=x1(t)*x2(t)*x3(t)+ul(t)+u2(t)+u3d(t);
eq6=x1(t)*x2(t)*x3(t)+u2(t)*u3(t);
eqs=[eql,eq2,eq3,eq4,eq5,eq6];
A=incidenceMatrix(eqgs,vars)

% Results

PP OO R
P PR O®R R
P R R R RO
O R R R O R
PR ®O® RO
R PR RO

Directed Graphs
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Use the following functions to construct and plot the directed graph, given its correspond-
ing incidence matrix:

Graph = digraph(A)
plot(Graph)

Figure MAT-7A.1 shows the generated directed graph.

MATLAB files

The files “MATLAB_7A_ 1" and “MATLAB_7A_2”in folder “MATLAB_7A” in Addendum
X5, contain the code for the example of Fig. MAT-7A.1 and another example.

Figure MAT-7A.1. The directed graph generated from the incidence matrix A; six(6)
equations with six(6) variables.
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MATLAB-10 (chapter 10)

MATLAB-10A: MATLAB Function fsolve

Throughout this book, fsolve is the MATLAB function of choice for solving sets of alge-
braic equations. fsolve attempts to solve systems of equations by minimizing the sum
of squares of the deviations of the equations from zero. For example, consider the follow-
ing set of n nonlinear algebraic equations with n unknowns:

Ji(x1,x9,05x,)=0 with k=1,2,..,n

fsolve generates and solves the following optimization problem:

Minimize F(x,Xy,...,X, )= i F2(x1,%0,00Xp,)

X15Xg X py =1
It uses an intelligent combination of the following three algorithms: (a) trust-region, (b)
trust-region dogleg, and (c) Levenberg-Marquardt. All three algorithms are characterized
as “large-scale”, which implies that they are effective in solving sets with large number of
nonlinear algebraic equations. The reader is encouraged to read more on the numerical
methods employed by the above algorithms. One source is the following web page in

Mathworks:
https://www.mathworks.com/help/optim/ug/equation-solving-algorithms.html

Using fsolve:

https://www.mathworks.com/help/optim/ug/fsolve.html

Consider the following set of two steady state balances (algebraic equations):
f1 =10x? + x1x3 + x; €08 X5 —10 =0
fz =X12 +xZSinX1 -5=0

Create the following MATLAB function that describes the left-hand sides of the above al-
gebraic equations:

function [f1,f2]=steady_state_balances(x)
f1=10*x(1)"2+x(1)*x(2)"2+x(1)*cos(x(2))-10;
f2=x(1)"2+x(2)*sin(x(1))-5;

end
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Call the above function from the following script:

fun=@steady state balances;
x0=[1 1];
[y,fval]=fsolve(fun, x0);

Starting from the initial estimate, provided by vector x0=[1 1], the algorithm of fsolve
iterates over different values of x(1) and x(2), until the left-hand sides of the algebraic
equations, i.e. f1 and f2, are as close to zero as possible. fval is the value of the objec-
tive function F, i.e., the sum of squares of the deviations of the equations from zero.

Note
To run fsolve you need to install the Optimization toolbox of MATLAB.
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https://www.mathworks.com/help/optim/ug/fsolve.html

12 CHEMICAL AND BIOLOGICAL PROCESS DYNAMICS AND CONTROL

MATLAB-11 (Chapter 11)

MATLAB-11A: MATLAB fminsearch

Throughout this book, we use this function to find the minimum of an unconstrained
multivariable function f(x), where x is a vector of n variables. It finds the minimum,
using derivative-free search method. The syntax of the call statement is:

[X,F] = fminsearch(fun,x@,options,pl,p2)

fun is the name of the function, which is minimized.
x0 is the starting point of the search for the minimum.

options is the vector of options, which are used for the display of intermediate results,
during the iterations.

pl, p2 are parameters, which are required for the evaluation of the objective function.
X is the solution vector, and

F is the minimum value of the function, which is minimized.

Example:

The following defines the vector of display options:

options=optimset('PlotFcns', @optimplotfval);

The call statement is:

[X,F]=fminsearch(@Objective Function,X@,options,pl, p2, p3);

The objective function is given by,
function [X,F]=Objective Function, X0, options, p1, p2, p3)
F=p1*x(1)*X(2)+p2*X(3)-p3*X(1)*X(3);
For more details link to:
https://www.mathworks.com/help/MATLAB/ref/fminsearch.html#bvadxhn-1-x0
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MATLAB-12 (Chapter 12)

MATLAB-12A: Define Transfer Functions

1. Explicitly type in the transfer function

The easiest way to define a continuous-time transfer function in MATLAB, is to simply
type it in, as shown in the book, using the s . In order to do so, we first need to declare to
MATLAB what s is. This is done with the following declaration, which should be put at
the beginning of the code:

Use the following declaration for s:
s = tf('s")

This declaration creates special variable ‘s’ that you can use in a rational expression to
create a continuous-time transfer function model. For example, consider a process with
the following input-output transfer function model:

2
s“-10s+5
Yt =——— u(t)
s°+2s°—-s+1

To create the transfer function model, first specify s as a “tf’ object, and then type in the
form of the transfer function, using the MATLAB syntax, as shown below:

% Declare s as ‘tf’ object

s = tf('s");

% Type in transfer function

G = (s™2-10*s+5)/(s”3 + 2*s"2-s + 1);
Transfer_Function=G

% MATLAB response
Transfer_Function =

s72-10*s+5

s"3 + 2*¥s72-s + 1
Continuous-time transfer function

© George Stephanopoulos 2010-2025
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2. Define coefficients of polynomials

Function: G_s=tf([num],[den])

Use the function tf([num], [den]) to construct the transfer function of a linear dynamic
system as ratio of two polynomials. Each polynomial is defined by the set of its coeffi-
cients, starting with the coefficient of the highest-order term. For example, to construct
the transfer function

2
s —-10s+5
Gls)=——
s +2s

-s+1

we write the following MATLAB code:

% Define the numerator
num=[1 -10 5];

% Define the denominator
den=[1 2 -1 1];

% Generate the transfer function
transfer_function_1=tf([num],[den])

MATLARB displays the result:

transfer_function_1 =

s"2 - 10 s + 5

3. Define Gain, Poles and Zeros

Function: G_s=zpk([zeros],[poles],gain)

Use the function zpk([zeros], [poles],gain) to construct the transfer function of a lin-
ear dynamic system, in a factored form. For example, to construct the transfer function

10(s-1(s+2)

G(s)=
(s+D(s+1.5)(s+2.5)
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we write the following code:

% Define location of zeros
Zeros=

% Define location of poles
poles=

% Define gain
gain=10;

% Generate the factored form of the
% transfer function

transfer_function_2=zpk(zeros,poles,gain)

[1 -2];

[-1 -1.5 -2.5];

MATLARB displays the result:

transfer_function_ 2 =

10 (s-1) (s+2)

(s+1) (s+1.5) (s+2.5)

MATLAB-10B:  From State Space Models to Transfer Functions

Given the matrices A, B, C and D of a state space model, we can use the following two
MATLAB functions to construct the polynomials Q(s)and P(s)of the corresponding

transfer functions.

Function

[Q,P] = ss2tf(A,B,C,D,1i)

The last argument “i” denotes the i-th input with respect to which we construct the trans-

fer functions. Below are two examples to illustrate the use of this function.

Example-1: Consider the following two-state SISO model

d xl(t) _ 1 2 xl(t) 1
E{xz(ﬂ}[‘l 5}{3‘2(1‘)}{2}&)

y©O=[1 2]{’(1(”

% (t)} +0-u(t)
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16 CHEMICAL AND BIOLOGICAL PROCESS DYNAMICS AND CONTROL

We have one input and one output. Therefore, we need only one transfer function. From
Section 10.2B, we know that the transfer function for a SISO system with 2 states, is given
by the following ratio of two polynomials in s,

Gis) - Q) _ Bas” + Bis+ fiy

P(S) a282 +0{18+a0

Compute coefficients of polynomials Q(s)and P(s), using function ss2tf(A,B,C,D):

% Define matrices A, B, C, and D
A=[1 2; 4 5];

B=[1;2];

Cc=[1 2];

D=0;

% Compute the Q and P Polynomials
[Q P]=ss2tf(A,B,C,D)

Transfer_function=tf(Q,P)

The function returns the coefficients of the polynomials in the numerator and denomina-
tor of the transfer function:

Q=[6 5.0 3.0]
P=[1 -6.0 -3.0]

The function tf(Q,P)displays the ratio of the two polynomials of the transfer function.

Transfer_function =

The generated transfer function is:

Q(s) _0-sz+5-s+3
P(s) 1.s>-6-s-3

G(s) =
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Example-2: Consider the following two-state SISO model
d| x;() |12 x;(t) . 1 2| w)
dt|x,(®)| |4 5| x@®)| |3 4] uy(®)
1 1@ ] [1 0] uy@)
R I I

We have two inputs and two outputs. Therefore, we need four transfer functions.
Transfer Functions with respect to u;(t): To construct the transfer functions of the two

outputs with respect to the first input wu(t)we call the MATLAB function
ss2tf(A,B,C,D,1). The reader should notice that we added an argument in the function
call. The number 1 signifies the first input.

% Define matrices A, B, C, and D
[1 2; 4 5];
[1 2;3 4];
[1 1;0 1];
[1 0;0 1];

A
B
C
D

[Q1 P]=ss2tf(A,B,C,D,1)

Since we have two transfer functions with respect to the input u,(t), the function
ss2tf(A,B,C,D,1) returns, Q1 as a vector with two elements, and P as one element,
because the denominator is common.

Q1 = [1.0 -2.0 -1.0
e 3.0 1.0]
P =[1 -6.0  -3.0]

Thus, the two transfer functions with respect to inputu, (¢) are:

Q110s) 1.s2-2.s-1
P(s) 1-5>-6-5-3
)= Qx1(s) _ 0-s2+3-5+1
P(s) 1-s>°-6-s-3

Gy1(s) =

G21 (S
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18 CHEMICAL AND BIOLOGICAL PROCESS DYNAMICS AND CONTROL

To compute the two transfer functions with respect to input u, () we change the last ar-
gument of the function call from 1 to 2, i.e.

[02 P]=ss2tf(A,B,C,D,2)

The results are:

Q2 =[0.06 6.0 2.0
1.0 -2.0  1.0]
P =[1.0 -6.0 -3.0]

Thus, the two transfer functions with respect to inputu, (t) are:

Q1(s) _O-sz+6-s+2
P(s) 1.s2-6-5-3
Qy(s) 1-s2-2-s+1
P(s) 1.s2-6-5-3

Gp(s) =

Gy (s) =

The reader should notice that the denominator is the same in all four transfer functions.
Why?

Function [z,p,K]=ss2zp(A,B,C,D,1i)

We use this function to construct transfer functions in a factored form, such as the fol-
lowing,

(s—2z1)(s—-25)
(s=p1)(s—py)(s-p3)

G(s)=K

where; zy,z,,p;,P5,DP3,and K are the zeros, poles, and gain of the transfer function.
Therefore, given the matrices A, B, C, and D of a state space model, we can construct such
factored forms of the transfer functions, wusing the MATLAB function,
[z,p,k]=ss2zp(A,B,C,D,1i).The last argument “i” denotes the i-th input with respect
to which we construct the transfer functions.
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Example-3: Consider the following state space model:

xl 1 3 5 x1 1 1
d U
—_— xZ =12 4 6 xZ +2 1 |: :|

dt U,
x3| |65 1)|xs] |1 2
- —7 | —
A B
X1
Y1 1 11 0 0|y
= X5 +
Yo 011 0 0 U,

C D

We have 2 inputs and 2 outputs, and thus 4 transfer functions. Use the MATLAB function,
ss2zp(A,B,C,D,1) tocompute the zeros, poles, and gains of the two transfer functions,
associate with input v ().

Define matrices A, B, C, and D
A=[1 3 5; 246; 65 1];

B=[1 1; 2 1; 1 2];
C=[
D=[

111; 011];

[zeros,poles,gains]=ss2zp(A,B,C,D,1)

The function returns the zeros, poles and gains of the transfer functions, G;;(s) and G,;(s):

Zeros =
-0.3032 0.5957
-4.9468 -5.5957

poles =
11.1571
-0.1065
-5.0506

gains =
4.0000
3.0000
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From these results, we construct the transfer functions in a factored form:

(s+0.3032)(s —0.5957)

Gll(s) =4
(s—11.1571)(s + 0.1065)(s + 5.0506)

(s+4.9468)(s +5.5957)
(s—11.1571)(s +0.1065)(s +5.0506)

GZl(S) =3

Similarly, the zeros, poles, and gains of the transfer functions associated with input u, (1),
are constructed by the following call, [ zeros, poles,gains]=ss2zp(A,B,C,D,2).
The function returns the zeros, poles and gains of the transfer functions, G;,(s) and G5, (s):

zeros =
(%] -0.7427
-5.25 -3.5907
poles =
11.1571
-0.1065
-5.0506
gains =
4.0000
3.0000

From these results we construct the transfer functions in a factored form:

4s(s+0.7427)
G12(3) = ;
(s—11.1571)(s +0.1065)(s + 5.0506)
3(s+5.25)(s +3.5907
Gy (5) =5 +5.25 )

(s—11.1571)(s +0.1065)(s +5.0506)

MATLAB-12C:  From Transfer Functions to State Space Models

Function [A,B,C,D]=tf2ss(Q,P)

Given the polynomials of the numerator and denominator of a transfer function, we can
construct the matrices A, B, C and D of the corresponding state space model, using the
following function of MATLAB: [A,B,C,D]=tf2ss(Q,P)
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The arguments (Q,P) are vectors of the coefficients of the polynomials in the numerator
and denominator of the transfer function. Below are two examples to illustrate the use of
this function.

Example 4: Consider the following transfer function:

Q(s) 55+3
G(s) = -
(s) P(s) 1s>-6s-3

R

Define the coefficients of the polynomial in the numerator
Q =[6 5.0 3.0];

R

Define the coefficients of the polynomial in the denominator
P=[1 -6.0 -3.0];

% Compute the matrices A, B, C, and D
[A,B,C,D]=tf2ss(Q,P)

% Results

A:E ;} B=[ﬂ, c=[5 3],D=[e]

Function tf2ss(num, den) may generate non-unique solutions

Example-4 is the inverse situation of Example-1. The reader should note that the matrices
A, B, and C, generated in Example-4 are not the same as the initially given matrices in
Example-1, although the corresponding transfer function is the same. This observation in-
dicates that going from a transfer function to a state space model may produce different
state space models, all of which have the same transfer function. Why? The answer is as
follows: When we go from the state space model of Example-1 to the corresponding transfer
function we are given the values of 4 elements for matrix A, 2 for B, 2 for C, and 1 for D, for
a total of 9 elements. The result is the transfer function, which contains 2 coefficients for
the numerator and 3 for the denominator. Thus, given the values of 9 elements we compute
the values of 5 (fewer than 9) elements. The reverse is given the 5 values we compute the
values of 9 (more than 5) elements, which cannot produce unique solutions.
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MATLAB-12D: Compute Poles and Zeros

Function roots([1 kn-1 kn-2 kn-3 .. k1 ke])

Given the denominator polynomial P(s) of a transfer function,
P(s)=s"+k, 18"+ +ays+ag

use the MATLAB function roots to compute its roots, which are the poles of the transfer
function. The function callis, roots([1 kn-1 kn-2 kn-3z .. ki ke]),

where, [1 kn-1 kn-2 kn-3 .. ki ke] are the coefficients of the polynomial from the highest-
order to the lowest-order term. The same function can be used to compute the roots of
the numerator polynomial Q(s)in a transfer function, and thus compute the zeros of the
transfer function.

Functions: zero(sys), pole(sys)

Let sys be the transfer function of a dynamic system. Then the function zero(sys) com-
putes the system’s zeros, and the function pole(sys) computes the system’s poles. Here
is an example. The transfer function has a 2nd-order polynomial as numerator and a 3rd-
order polynomial as denominator. The function zero(sys)returns the two zeros, and the
function pole(sys) returns the system’s three poles:

sys = tf([1 2 3],[4 6 8 2])
Sys =
s"2 + 2 s + 3

4 s"3 + 6 s"2 + 8 s + 2
z = zero(sys)

-1.0000 + 1.4142i
-1.0000 - 1.4142i

p = pole(sys)

-0.5971 + 1.13061
-0.5971 - 1.13061
-0.3059 + 0.00001
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MATLAB-12E:  MATLAB’s Simulink

Simulink is a graphic environment within MATLAB, which offers many tools to do the
following:

a. Construct block diagrams of structured systems, including many dynamic and static
components, which represent processes, controllers, sensors, and final control ele-
ments.

b. Mathematically describe these components through state space models, input-out-
put models, and other more complex quantifications.

c. Analyze the dynamic and static behavior of these systems.

d. Design and analyze the effectiveness of alternative control configurations.

e. Optimize the performance of controlled systems.

In subsequent chapters we will make extensive use of Simulink. So, it is advisable that the
reader becomes familiar with the tools offered by Simulink and its extensive facilities for
addressing many questions on process dynamics and controller design. The “Appen-
dix_11C_Stirred_Tank_Heater” is a Simulink file, which shows the stirred tank heater
model constructed in Simulink, as the following paragraphs describe.

Start Simulink

Start MATLAB and select the Home tab. Locate and click on the Simulink button; see Fig.
MAT-12E.1. The simulink Start Page window appears, as shown in Fig. MAT-12E.2.

Create Block Diagram of Stirred Tank Heater
Let us construct the block diagram for the stirred tank heater of Example 12.1 (Fig. 12.7):

1. Open the window of a New Model: Select and click the Blank Model button. The
model editor window of Fig. MAT-12E.3 appears. Before we proceed any further, let’s
save this model under the name, Stirred Tank Heater. To do this use the menu
item, File->Save As... and save the new model as Stirred_Tank Heater. Note that
this name becomes the title of the window.

2 Simulink Library Browser: Select and click the Library Browser button. The
“Simulink Library Browser” window shows up; see Fig. MAT-12E.4. This win-
dow contains all the classes of models we need for the construction of block diagrams and
their underlining models. We will be interested in the following three classes of models:
a. Commonly Used Blocks: Here we find some commonly used blocks.

b. Continuous: Here we will find blocks, which we will use for the modeling of
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dynamic systems through state-space models and transfer functions.

c. Sources: These blocks will be used to generate various signals, which will be
used as inputs to the various dynamic systems.

d. Sinks: These blocks will be used to output or display various signals.

3. Import the blocks of the transfer functions. From Fig. 12.7 of Example 12.1, we see that
we need two blocks for the transfer functions G;(s) and Gp(s) of the stirred tank heater.
The transfer function block is in the group of Continuous. So, in the Simulink Li-
brary Browser (Fig. MAT-12E.4) click on the button labelled Continuous, and the
window of Fig. MAT-12E.5 pops up. Select the block labelled Transfer Fcn and drag it
into the window of the Stirred_Tank_ Heater, which was generated in step 1, above.
Since we need two transfer functions, repeat the import and get the picture shown in Fig.
MAT-12E.6. Note: Select the name below each transfer function and rename them as G1
(representing G;) and G2 (representing Gp ), as shown in Fig. MAT-12E.6.

4.1mport the Summation block. The summation block will be found in the group labelled
Commonly Used Blocks.So,inthe Simulink Library Browser (Fig. MAT-
12E.4) click on the button labelled Commonly Used Blocks and the window of Fig.
MAT-12E.7 pops up. Select the block labelled Sum and drag it into the window of the
Stirred_Tank_Heater (Fig. MAT-12E.6).
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5. Import the Input Signal blocks. In the block diagram of the stirred tank heater (Fig. 12.7,
Example 12.1) we have two inputs, the feed temperature T;(¢) and the temperature of the
steam T, (t). So, we need to specify two input signals. The blocks representing the input
signals will be found in the group labelled Sources of the Simulink Library
Browser (Fig. MAT-12E.4). Click on the button Sources and get the window shown in
Fig. MAT-12E.8. Choose the blocks labelled Step for T, (¢),and Sine Wave for T;(t).
Select these blocks, one at a time, and drag them into the Stirred _Tank Heater
window (Fig. MAT-12E.6). Note: Select the name below each input block and rename
them as shown in Fig. MAT-12E.6.

6. Import the Output Signal blocks. In the block diagram of the stirred tank heater (Fig. 12.7)
we have one output, the temperature T'(¢). So, we need to specify one output signal. The
blocks for output signals will be found in the group labelled Sinks of the Simulink
Library Browser (Fig. MAT-12E.4). Click on the button Sinks and get the window
shown in Fig. MAT-12E.9. Select the block labelled Scope and drag it into the
Stirred_Tank_Heater window (Fig. MAT-12E.6). Note: Select the name below the
Scope block and rename it as shown in Fig. MAT-12E.6.

7. Connect the blocks in the New Window to construct the block diagram. At the conclusion of
step-6, we have imported five blocks into the window of the New Model: 2 transfer func-
tions, 2 input blocks, 1 output block, as shown in Fig. MAT-12E.6. Now we will connect
them to create the block diagram of Fig. 12.7. First, note that each block has visual inputs
and outputs. To connect two blocks, click on the output of a block and drag the connec-
tion to the input of the unit with which you want to connect it. Construct all the necessary
connections to reproduce the block diagram of Fig. 12.7. Then the window of the
Stirred_Tank_Heater looks like that of Fig. MAT-12E.10.
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Define the step input of the Steam Temperature

Similarly, double click the block Steam T. The window, labeled Source Block Parame-
ters: Steam T, pops up (Fig. 12E.12b). Specify the values of Step time=0.01 and
Final value=10. Click Apply.

Compute and display the response of the Effluent Temperature
In the window Stirred_Tank_Heater (Fig. 12E.10), click on the green round button with
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the black triangle inside its circle, labelled Run. This will solve the differential equations
corresponding to the input-output model of the stirred tank heater, and generate the val-
ues of the output. To display the graph of the output response, click the block, labeled
Effluent T. A window, labeled Effluent T, pops up (Fig. 12E.13).
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Figure MAT-12E.10 The block diagram for the stirred tank heater example.
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Figure MAT-12E.11 The block parameters window for the definition of the transfer func-
tion of the block G1.
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Specify the Transfer Functions

At the end of Step 7 we have created the block diagram of Figure MAT-12E.10, but the
transfer functions have the default characteristics and do not necessarily represent the
transfer functions of Fig. 12.7. Let the transfer function in Fig. 12.7 be:

10
G4(s)= , =
d === Gyls)=——
Double click on the block G1 (representingG;) in the window of Fig MAT-12E.10. The
Block Parameters G1 window of Fig. MAT-12E.11 pops up. You will notice three

areas of Parameters titled:

a. Numerator coefficients,
b. Denominator coefficients,
c. Absolute tolerance.

For the block G1, which corresponds to transfer function G;(s) the coefficients in the
numerator and denominator are as follows:

Numerator coefficients: [0 10]
Denominator coefficients: [1 1]

Enter these values and click Apply. For the block G2, which corresponds to transfer func-
tion Gp (s), the default values are correct, and we do not need to do anything.

Simulate Heater’s Response: Changes in Feed and Steam Temperatures

The response of the effluent temperature to changes in the feed temperature T;(¢) and/or
steam temperature T,;(t) is given by the following input-output model (Example 11.2):

Tt)=G1(8)T;(t)+Gy(s) T, (1) = 10 T (t)+——T4 (@)

In Chapter 13 we will study analytical solutions for such models. For the time being we
will see how to use SIMULINK to solve the above equation and compute the dynamic re-
sponse of T'(t).

Define the sinusoid of the Feed Temperature

In the window of Stirred_Tank_Heater (Fig. MAT-12E.10) double click the block
Feed T.The window, labeled Source Block Parameters: Feed T, popsup (Fig.
MAT-12E.12a). Specify the values of Amplitude=0.1 and Frequency=0.5. Click Ap-

ply.
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Compute and display the response of the Effluent Temperature

In the window Stirred_Tank_Heater (Fig. MAT-12E.10), click on the green round
button with the black triangle inside its circle, labelled Run. This will solve the differential
equations corresponding to the input-output model of the stirred tank heater, and generate
the values of the output. To display the graph of the output response, click the block, labeled
Effluent T. Awindow, labeled Effluent T, popsup (Fig. MAT-12E.13).

Note: The file Simulink_Model Stirred_Tank_Heater contains the SIMULINK
model and can be found in folder “Chapter 11”; Addendum X5.

Sine Wave ~

Qutput a sine wave:
0(t) = Amp=Sin(Freq=t+Phase) + Bias

Sine type determines the computational technique used. The Step

parameters in the two types are related through: Output a step.
Samples per period = 2%pi / (Frequency * Sample time) Parameters
Number of offset samples = Phase * Samples per period / (2%pi) Step time:
Use the sample-based sine type if numerical problems due to running 0.1
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Figure MAT-12E.12 The windows for the definition of the Source Block Parameters
for the (a) feed temperature and (b) steam temperature.
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Figure MAT-12E.13 The dynamic response of the stirred tank’s temperature to a sinus-
oidal feed temperature.

MATLAB-12F:  Response of processes with delayed inputs: Using SIMULINK

Consider the 3rd-order dynamic system with dead time given by,

52—5—6

y(t):G(s)u(t){ S

:l u(t - td )

§°—-28"—-s+2

 Construct the block diagram of Fig. MAT-12E.14.

 Notice that it includes the delay block, which signifies the delay in the input. You will
find this block in the Simulink Library Browser inthe group Continuous
(Fig. 16.8). It is called Transport Delay. Bring this block into the window of the
block diagram. Change its name to Input Delay.

 Connect its input port to one of the input blocks, e.g., the Sine Wave, and its output
port to the block of the transfer function, as shown in Fig. MAT-12E.15. The sine wave
block has an amplitude of 10 and a frequency of 20. The run time should be set to 2.

 Double click on the block Input Delay and set the value of the parameter Time
Delay=0.5.

e Run the simulation and get the graph of the response shown in Fig. MAT-12E.16.
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Figure MAT-12E.15 The Transport Delay block in the group Continuous blocks in
the SIMULINK Library Browser
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Figure MAT-12E.16. The response to a delayed sinusoidal wave.

Notes

1. The Transport Delay block of SIMULINK works as follows: From time t=0 until
t = dead time it keeps the value of the input signal constant (usually zero because we are
dealing with deviation variables from a steady state), and then it starts allowing the input
to take on the values specified by the input block, e.g., the values of the specified sinusoi-
dal wave.

2. The Transport Delay block may be placed after the block of the process transfer
function to denote the delayed information in the process output.
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MATLAB-29A: From Continuous-Time to Discrete-Time Transfer Functions

Function: G_d=c2d(sys_c,Ts,method)

This function converts the continuous transfer function Sys_ ¢ to the equivalent discrete
transfer function sys_d. The parameter method defines the order of the hold element
used for the input value. The defaultis ‘zoh’ (zero-order hold). For example, consider
a second-order system with inverse response. The following code shows the conversion of
the continuous transfer to the equivalent discrete one.

s=tf(s’); % Declare s as ‘tf’ object
Ts=0.2; % Sampling period
Z=tf(‘z’,Ts); % Declare z as ‘tf’ object
% Continuous-time model
sys_c=(s-3)/(s"2+2*s+2);

% Convert to discrete-time
sys_d=c2d(sys3 c,Ts);

The MATLAB response is,

G.d =
9.1103 z - 0.2085

z"2 - 1.605 z + 0.6703

Sample time: 0.2 seconds
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MATLAB-29B: Definition of Discrete Transfer Functions

1. Explicitly type-in the transfer function

The easiest way to define a continuous-time transfer function in MATLAB, is to simply
type it in, as shown in this book, using operator z . In order to do so, we first need to
declare to MATLAB what z is. You can do this is with the following declaration, which
should be put at the beginning of the code:

z = tf('z', Ts)

Ts is the sampling period. For example, consider a process with the following input-
output transfer function model:

2_
Y1) =—2"10245 e

z°+2z°—z+1

Ts = 1; % Define sampling period
z = tf('z', Ts);% Declare z as ‘tf’ object

% Type in transfer function
G = (z"2-10*z+5)/(z"3 + 2*z"2-z+1);

Transfer_Function=G

MATLAB response is:

Transfer_Function =

z"2-10*z+5

z"3 + 2*z72-7z + 1

Sample time: 1 seconds
Discrete-time transfer function.

2. Define coefficients of the polynomials
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Function: G=tf([num],[den], Ts)

This is similar to the same-name function for continuous transfer functions. It includes
an additional input defining the sampling period Ts.

3. Define Gain, Poles and Zeros

Function: G= zpk([zeros],[poles],gain,Ts)

This is similar to the same-name function for continuous transfer functions. It includes
an additional input defining the sampling period Ts. Figure MATLAB-29A.1 shows the
step and impulse responses for both the continuous and discrete systems.

MATLAB-29C:  Compute Step and Impulse Responses

We can use the MATLAB functions step and impulse to compute the step and impulse
responses of discrete system. For example, using the sys_d transfer function, we con-
struct the following MATLAB code:

figure(1l);

step(sys_d,5) % Step Response: Discrete
hold on;

step(sys_c,5) % Step Response: Continuous
hold off;

figure(2);

impulse(sys_d,5); % Impulse Response: Discrete
hold on;

impulse(sys_c,5); % Impulse Response: Continuous
hold off;

Fig. MAT-29C.1 shows the step and impulse responses for continuous and discrete systems.

MATLAB-29D:  Simulink Block Diagrams
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Figure MAT-29C.1 The dynamic characteristics of a discrete-time system, generated
by various system poles.

The SIMULINK library contains a group of discrete-time blocks, which you can use to con-
struct block diagrams with connected discrete-time units, similar to those we constructed
in Chapter 12 for continuous-time units.
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MATLAB-31 (chapter31)

MATLAB-31A: The MATLAB quadprog

The MATLAB function quadprog solves optimization problems with the following char-

acteristics:

1. The objective function is quadratic of the following general form:

hyp hyp e by | X

hyy hy .. h X
F:%XTHX+fTX=%[x1 Xy .. xn] 2L T2 2n 2 +[f1 2

hy1 hyp o ay, || X,

2. The constraints are linear and could include the following types:

an i - AQp || X by
. . . a a, .. a X b
Linear inequalities: Ax<b= 21 22 2o 72
LAm1 Am2 - Amn || Xn bm
Teq,11 eg,12 Qeq,1n || xq
a a e a X
. e _ eq,21 “eq,22 eq,2n 2
Linear equalities: Aegx=beg =
a a a X
| “eq,rl eq,r2 eqrn [L77
X1,low Xq X1,upp
X2 low Xo X2 upp
Lower, Upper Bounds: X4y, <X <Xy, = < <
_xn,low_ Xn _xn,upp_

The general MATLAB syntax for calling the function is:

beq,l

eq,2

L edT

[x, fval = quadprog(H,f,A,b,Aeq,beqg, low,upp,x0,options)

© George Stephanopoulos 2010-2025


https://www.mathworks.com/help/optim/ug/quadprog.html#d126e149026

42 CHEMICAL AND BIOLOGICAL PROCESS DYNAMICS AND CONTROL

H,f,A,b,Aeq,beq:
correspond to the above matrices and vectors: H, f, A, b, Acq, beq
low, upp:
correspond to Xiow and Xupp
X0:
represents the vector of starting values,
x, fval:
the values of the optimization variables x and of the
objective function F at the optimum point, and
options:

various options available for the optimization algorithm and the results.

For more details, the reader may consult the following link:

https://www.mathworks.com/help/optim/ug/quadprog.html

lllustrations
Example 1: Quadratic with linear inequality constraints
0 -3
Minimize F =2x;+3x,-3x3x, = F:l[xl x| 1 +[2 3] 1
2 -3 0 X5 Xy

Subject to the following inequality constraints:

X1+ <10 [ 1 [0
X1 +x521.0 = —x;-x, <-1.0 -1 -1]|x,| [-1

The corresponding matrices and vectors are:

a8 e st

Use the following call: [x, fval = quadprog(H,f,A,b)

MATLAB returns the following results:

X =
8.6667
8.3333
fval =
-174.3333

Example 2: Quadratic with linear inequality and equality constraints
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2 B x x
Minimize F =2x; +3xy + X7 + X3 —3X{X, = F:%[xl xz][ 3 2}[ 1}+[2 3]{ 1}

Subject to the following constraints:

Inequality constraint: X1 +xy<1.0
Equality constraint: x;+10x, =5

The corresponding matrices and vectors are:

a2 Dl 2lacn bl A=l 10) by <[5

Use the following call:

[x, fval = quadprog(H,f,A,b,Aeq,beq,low,upp,x0,options)

MATLAB returns the following results:

X =
-0.1603
0.5160

fval =
1.7676

Example 3: Quadratic with linear inequality and equality constraints,
and lower/upper bounds

2 3x x
Minimize F =2x; +3x, + X7 + x5 —3x,X, = F:%[xl xz][ 3 2}{ 1:|+[2 3]{ 1}

Subject to the following constraints:

Inequality constraint: X1 +x, <1.0
Equality constraint: x1+10x, =5
Lower/Upper bounds: 0<x;<land 0<x,<0.1

The corresponding matrices and vectors are:

© George Stephanopoulos 2010-2025


https://www.mathworks.com/help/optim/ug/quadprog.html#d126e149026

44 CHEMICAL AND BIOLOGICAL PROCESS DYNAMICS AND CONTROL

m5a)
-3 2 3

A =[11], b
A =[110], b,
Xjow =[-0.20], Xyup, =[11]

Use the following call:

[x, fval = quadprog(H,f,A,b,Aeq,beq, low,upp)

MATLAB returns the following results:

X =
-0.0382
0.5038

fval =
1.7481

For additional examples visit the link:

https://www.mathworks.com/help/optim/ug/quadprog.html
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